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Abstract
The Calogero–Moser families are partitions of the irreducible characters of a
complex reflection group derived from the block structure of the corresponding
restricted rational Cherednik algebra. It was conjectured by Martino in 2009 that
the generic Calogero–Moser families coincide with the generic Rouquier families,
which are derived from the corresponding Hecke algebra. This conjecture is
already proven for the whole infinite series G(m, p, n) and for the exceptional
group G4. A combination of theoretical facts with explicit computations enables
us to determine the generic Calogero–Moser families for the nine exceptional
groups G4, G5, G6, G8, G10, G23 = H3, G24, G25, and G26. We show that the
conjecture holds for all these groups—except surprisingly for the group G25,
thus being the first and only-known counter-example so far.
Remark. The final version will appear in Algebras and Representation theory and is
already available online at http://dx.doi.org/10.1007/s10468-013-9449-4.
Contents
§1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
§2. Theoretical basics. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
§2A. Reflection groups 3, §2B. Rational Cherednik algebras 4, §2C. Restricted rational
Cherednik algebras 5, §2D. Martino’s conjecture 6, §2E. Dimensions of simple modules
and Calogero–Moser families 10, §2F. Supersingular characters 10, §2G. Euler families 11
§3. Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
§3A. G4 17, §3B. G25 18, §3C. G5 19, §3D. G6 21, §3E. G8 22, §3F. G10 23, §3G. G23 25,
§3H. G24 26, §3I. G26 27
§4. Conclusions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
∗University of Stuttgart, thiel at mathematik.uni-stuttgart.de
ar
X
iv
:1
30
1.
49
75
v2
  [
ma
th.
RT
]  
25
 Se
p 2
01
3
2§1. Introduction
For a complex reflection group Γ := (W, V) Etingof–Ginzburg [EG02] have intro-
duced a family of C-algebras, called rational Cherednik algebras. Starting with Gordon
[Gor03] interest in a certain canonical finite-dimensional quotient, the so-called
restricted rational Cherednik algebra, of the rational Cherednik algebra arose. The irre-
ducible modules of these algebras are parametrized by the irreducible modules of
W and so the block structure yields a partition of them whose members are called
the Calogero–Moser families of Γ. These families are known for the whole infinite
series G(m, p, n) of complex reflection groups and all parameters due to results by
Gordon [Gor03], Gordon–Martino [GM09], Bellamy [Bel12], and Martino [Mar11].
Furthermore, Bellamy [Bel09] determined them generically for the exceptional group
G4 but there is almost nothing known for the remaining exceptional groups.
Although the Calogero–Moser families are interesting objects per se, it is their
(conjectural) broader context which makes them so important. Namely, the achieve-
ment of Gordon–Martino [GM09] is much more than the sole determination of the
Calogero–Moser families for G(m, 1, n) because they also conjectured for a Weyl
group the existence of a natural bijection between the Calogero–Moser families
and the families defined by the Kazhdan–Lusztig cells (the Lusztig families). They
have proven this conjecture for type B2 and collected further evidence. This gave a
conjectural link between restricted rational Cherednik algebras and Hecke algebras,
and so the question arose if there are further, more general, connections to Hecke
algebras. The hope of investigating such connections is on the one hand to gain
new information about objects attached to Hecke algebras, but on the other hand
to generalize constructions from Weyl or Coxeter groups to all complex reflection
groups. The main goals are to set up a cell theory for all complex reflection groups—
Bonnafé–Rouquier [BR13] recently made a big step in this direction using rational
Cherednik algebras—and to make further progress in the spets program initiated by
Broué–Malle–Michel [BMM99; BMM12] whose aim is to find the analogs of finite
groups of Lie type for a complex reflection group.
To begin studying such broad connections we do not yet need a cell theory,
however, since a sensible extension of the Gordon–Martino conjecture to all complex
reflection groups is to relate the Calogero–Moser families with the Rouquier families,
which are also defined for any complex reflection group due to Rouquier [Rou99],
Broué–Kim [BK02], Malle–Rouquier [MR03], and Chlouveraki [Chl09]. This idea was
already formulated by Gordon–Martino [GM09] but Martino [Mar10] presented a
general conjecture—actually two conjectures: one for arbitrary parameters and a
stronger one for generic parameters—relating these two families and proved it for
the groups G(m, 1, n). Later Bellamy [Bel12] proved it for the whole infinite series
G(m, d, n) and generically for G4.
In this article we start the first attack on Martino’s conjecture for exceptional com-
plex reflection groups. To this end, we essentially just use two theoretical arguments
to be discussed in §2. On the one hand, we introduce the notion of supersingular
characters, which simply emphasizes a result already used by Bellamy [Bel09]. On
the other hand, we introduce the notion of Euler families and the Euler variety to get a
3quick approximation of the Calogero–Moser families. The explicit computations in
§3 will prove the main theorems 3.2 and 3.3 of this article which state that we can
explicitly compute the generic Calogero–Moser families for all the groups
G4, G5, G6, G8, G10, G23 = H3, G24, G25, G26
and know some additional properties. A comparison with the generic Rouquier
families computed by Chlouveraki [Chl] shows that Martino’s conjecture holds for
all these groups—except surprisingly for the group G25 which yields the first and
only known counter-example to this conjecture. It is not really clear what the abstract
reason for this failure is and if there are further counter-examples. This raises an
important question: What is the actual relation between Calogero–Moser families and
Rouquier families, and do Calogero–Moser families contain additional information
about spetses?
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and sharing preliminary versions of his joint work [BR13] with Raphaël Rouquier—
both leading to major clarifications of my thoughts. Also, I would like to thank
Maurizio Martino for many discussions about his conjecture. Furthermore, I would
like to thank Gwyn Bellamy, Meinolf Geck, and Gunter Malle for numerous helpful
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to thank the (anonymous) reviewer of Algebras and Representation Theory for a lot of
detailed comments and helping me to improve this article.
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§2. Theoretical basics
In this paragraph we will recall and develop all necessary theoretical ingredients
which are then used in the following paragraph to obtain the results.
§2A. Reflection groups
2.1. We fix some notations around reflection groups and refer the reader to [BMR98]
for more details. By a reflection group we always mean a finite irreducible complex
reflection group Γ := (W, V). This means that W is a finite group acting faithfully and
irreducibly on a finite-dimensional C-vector space V such that W is generated by its
reflections in V, which are those elements s ∈W whose fixed space is a hyperplane in
V, i.e., dim Ker(s− idV) = dim V − 1. We denote the set of reflections of Γ by Ref(Γ)
and we denote the set of reflection hyperplanes of reflections of Γ by Hyp(Γ).
For s ∈ Ref(Γ) we call a non-zero element αs ∈ Im(idV −s) a root of s and we call
an element α∨s whose kernel is equal to the reflection hyperplane Hs := Ker(idV −s) of
s a coroot of s. If (αs, α∨s ) is a root-coroot pair of s, then
s(x) = x− (1− εs) 〈x, α
∨
s 〉
〈αs, α∨s 〉
αs
for all x ∈ V, where εs is the unique non-trivial eigenvalue of s and 〈·, ·〉 is the
canonical pairing between V and its dual space V∗.
The group W acts canonically on both Ref(Γ) and Hyp(Γ). For H ∈ Hyp(Γ) we
denote by WH the pointwise stabilizer of H. The order eH of WH is independent of
4the orbit ΩH of H under W and therefore we also denote it by eΩH . We now define
Ω(Γ) to be the set of all pairs (Ω, j) with Ω ∈ Hyp(Γ)/W and 1 ≤ j ≤ eΩ − 1. Then
there is a canonical bijection between Ω(Γ) and Ref(Γ)/W.
2.2. The reflection groups have been classified up to conjugacy by Shephard–Todd
[ST54] and were labeled by G(m, p, n) for m, p, n ∈ N>0 satisfying p | m and
(m, p, n) 6= (2, 2, 2), and by Gi for 4 ≤ i ≤ 37, where there are some redundancies in
the series G(m, p, n) however.
Explicit representatives of the exceptional groups Gi for 4 ≤ i ≤ 37 can be found for
example in [LT09], or in the GAP3 computer algebra package CHEVIE (see [Chevie])
by using the command ComplexReflectionGroup(i).matgens, or in the computer
algebra system Magma (see [Magma]) by using the command ShephardTodd(i). The
realizations in Magma were implemented by Taylor and are those given in [LT09].
The character tables of the exceptional groups can quickly be computed in
Magma, but they are also available in CHEVIE. The invariant degrees of the excep-
tional groups are listed in [LT09, table D.3] and are also contained in CHEVIE.
§2B. Rational Cherednik algebras
2.3. For a reflection group Γ := (W, V) Etingof–Ginzburg [EG02] introduced a family
of C-algebras, called rational Cherednik algebras. Depending on the context different
parameters are used for their definition, but all of them can be transformed into each
other. We will use the same parameters here as used by Martino [Mar10].
To this end, we choose for each H ∈ Hyp(Γ) a non-zero element αH ∈ V such
that 〈αH〉C is WH-stable, and choose an element α∨H ∈ V∗ whose kernel is equal to H.
Then (αH, α∨H) is a root-coroot pair for any s ∈ Ref(Γ) whose reflection hyperplane
is equal to H, i.e., for any s ∈WH \ {1}, and the expression
(x, y)H :=
〈x, α∨H〉〈αH, y〉
〈αH, α∨H〉
= (x, y)s
does not depend on the choice of s ∈WH \ {1} and on the choice of (αH, α∨H).
For the parameter space of the rational Cherednik algebras we define the set
Ω(Γ) as the set of all pairs (Ω, j) with Ω ∈ Hyp(Γ)/W and 0 ≤ j ≤ eΩ − 1. If
(kΩ,j) ∈ CΩ(Γ), then we consider the indices j of kΩ,j always modulo eΩ.
2.4. The rational Cherednik algebra Ht,k := Ht,k(Γ) for Γ in a parameter t ∈ C and a
parameter family k := (kΩ,j) ∈ CΩ(Γ) is now the quotient of the algebra T(V⊕V∗)o
CW, with T(−) denoting the tensor algebra, by the ideal generated by the relations
[x, x′] = 0 = [y, y′] for all x, x′ ∈ V, y, y′ ∈ V∗
and
[x, y] = t · 〈x, y〉+ ∑
H∈Hyp(Γ)
(x, y)H ∑
s∈WH\{1}
(
eH−1
∑
j=0
det(s)j(kΩH ,j+1 − kΩH ,j)
)
s
for x ∈ V and y ∈ V∗. We will denote the coefficient of s in the above commutator
relation by ck(s).
2.5. The first important result about rational Cherednik algebras is the so-called
Poincaré–Birkhoff–Witt theorem (PBW theorem for short) proven in [EG02] which states
5that there is a canonical isomorphism
S(V)⊗C CW ⊗C S(V∗) ∼= S(V ⊕V∗)⊗C CW ∼= Ht,k
of C-vector spaces, where S(−) denotes the symmetric algebra.
§2C. Restricted rational Cherednik algebras
2.6. The PBW theorem shows that Ht,k is an infinite-dimensional C-vector space.
Brown–Gordon [BG03] have proven that the center of Ht,k is equal to C whenever
t 6= 0 but that the center of H0,k is so large that H0,k is even a finite module over it.
In fact, Etingof–Ginzburg [EG02, Proposition 4.15] (see also Gordon [Gor03]) have
proven that the ideal mk of S(V)⊗C S(V∗) generated by
(S(V)W ⊗C S(V∗)W)+ = S(V)W+ ⊗C S(V∗)W + S(V)W ⊗C S(V∗)W+ ,
where (−)+ denotes the ideal generated by the elements of positive degree, maps
under the PBW isomorphism into the center of H0,k. Induced by this isomorphism
we thus get an isomorphism
S(V)W ⊗C CW ⊗C S(V∗)W = (S(V)⊗C CW ⊗C S(V∗))/mk ∼= H0,k/mkH0,k =: Hk
of C-vector spaces, where
S(V)W := S(V)W/S(V)W+ and S(V
∗)W := S(V∗)W/S(V∗)W+
are the coinvariant algebras. As the coinvariant algebras are of dimension |W|, the
C-algebra Hk is of dimension |W|3. It is called the restricted rational Cherednik algebra
of Γ in k.
2.7. The following basic representation theoretic properties of Hk are due to Gordon
[Gor03]. First, note that Hk isZ-graded by putting V in degree 1, CW in degree 0 and
V∗ in degree −1. Then (Hk)≤0 ∼= S(V∗)oCW is a graded subalgebra of Hk and as
CW is a quotient of this algebra, we can inflate CW-modules to (Hk)≤0-modules. For
each irreducible character λ ∈ Λ := Irr(CW) we can now define the corresponding
Verma module Mk(λ) := Hk ⊗(Hk)≤0 λ. We clearly have Mk(λ) ∼= S(V)W ⊗C λ ∼=
CW ⊗C λ as CW-modules so that in particular dimCMk(λ) = |W| · dimC λ. Due to
[Gor03] the Verma module Mk(λ) is an indecomposable graded Hk-module with
simple head Lk(λ) and (Lk(λ))λ∈Λ is a system of representatives of the isomorphism
classes of simple Hk-modules. As any simple Hk-module lies in a unique block,
the block structure of Hk yields a partition of Λ whose members are called the
Calogero–Moser k-families. We denote this partition by CMk.
2.8. For more details about the following we refer to [BR13] and [Thi]. The Calogero–
Moser families have the property that there exists a non-empty Zariski open subset
CMGen(Γ) of the parameter space CΩ(Γ) on which the Calogero-Moser families have
their finest possible form. We will call these families—which are independent of
the particular choice of parameters contained in CMGen(Γ)—the generic Calogero–
Moser families of Γ. In fact, the generic Calogero–Moser families are precisely the
Calogero–Moser k-families when considering the parameters k as being algebraically
independent. The Calogero–Moser k-families for exceptional parameters k, i.e., for k
in the complement CMEx(Γ) of CMGen(Γ), are then unions of the generic Calogero–
Moser families. It is still an open and important problem to understand CMEx(Γ)
6explicitly for the exceptional groups. In §3 we will present new results in this
direction.
§2D. Martino’s conjecture
2.9. We now come to Martino’s conjecture whose historical context we already
outlined in the introduction. To state the conjecture in a precise form, we will first
quickly recall the definition of Rouquier families. The main references for this are
[BK02], [MR03], and [Chl09] but we also want to emphasize the discussion in [BR13,
chapter 2], which we will review here. This approach is more general than the one
in [Chl09] but everything works analogously.
2.10. Let O be the character value ring of W, i.e., the subring of C generated by
the values of the irreducible characters of W, and let K be its quotient field. Let
q := (qΩ,j)(Ω,j)∈Ω(Γ) be a family of algebraically independent elements over O and let
O [q±1] := O [q, q−1] be the ring of Laurent polynomials in q over O . LetH :=H (Γ)
be the generic Hecke algebra of Γ. This is the quotient of O [q±1]B(Γ), where B(Γ) is
the braid group of Γ, by the ideal generated by the relations
eH−1
∏
j=0
(
σH − ζ jeHq|µ(K)|ΩH ,j
)
for all H ∈ Hyp(Γ), where µ(K) is the group of all roots of unity in K and σH is the
generator of the monodromy around H (see [BMR98]). Usually, the generic Hecke
algebra is considered over the subring O [u±1] or Z[u±1] of O [q±1], where u :=
(uΩ,j)(Ω,j)∈Ω(Γ) with uΩ,j := ζ
j
eΩq
|µ(K)|
Ω,j , but the definition here is more convenient for
our purposes.
2.11. For the actual work with Hecke algebras one normally wants it to satisfy the
following properties:
(HF) H is a free O [q±1]-module of rank |W|.
(HS) There exists a symmetrizing form on H satisfying several properties as
explained in [Chl09, 4.2.3(1-3)] (see also [BMM12, 2.60]).
These conjectures are known to hold for all Coxeter groups by the classical theory in
this case (see [Bou05, IV, §2, exercise 23]). Furthermore, they are known to hold for
all complex reflection groups of type G(m, p, n) by [BMM99, 1.17 and the preceding
comment], [MM98, theorem 5.1], and [GIM00, §4]. Unfortunately, it seems that there
is not much known about these conjectures for non-Coxeter exceptional groups. In
[BM93, 4.7] the assumption (HF) is proven for the groups G4, G5, G12, and G25—
but recently Marin has pointed out in [Mar12b] that these proofs might contain a
questionable argument. Furthermore, in [MM10] it is mentioned that (HF) and (HS)
have been confirmed by Müller computationally in several cases—but unfortunately
this work is not published. It is thus hard to say for which non-Coxeter exceptional
groups we can believe that the conjectures hold. Because of this we will, as in
[Mar12b], be careful and consider the cases treated in [BM93] and [MM10] not
as cases where the conjectures are known to hold. Marin has recently proven in
[Mar12a] however that (HF) holds for the groups G4, G25, and G32, and there is hope
that future work will solve more cases.
72.12 Assumption. We assume from now on that the properties (HF) and
(HS) are satisfied for Γ.
2.13. It follows from [Mal99, 5.2] that the algebraH := K(q)⊗O [q±1]H is split. Since
this algebra admits a specialization to the (split semi-simple) group algebra KW via
qΩ,j 7→ 1, an application of Tits’s deformation theorem [GP00, 7.4.6] shows thatH is
also semisimple and that we have induced by this specialization a bijection between
the simple H -modules and the simple KW-modules.
2.14. We write the group ring O [C] of the abelian group C in exponential notation
as O [qC] with basis elements qα for α ∈ C and multiplication qα · qβ = qα+β. Since
C is a torsion-free abelian group, it can be ordered due to a theorem by Levi (see
[Lam91, theorem 6.31]) and now it is a standard fact (see [Lam91, theorem 6.29]) that
the group ring O [qC] = O [C] is an integral domain. We denote its quotient field by
K(qC). Bonnafé–Rouquier have proven in [BR13, chapter 2] that O [R] is integrally
closed but their proof works word-for-word also for C instead of R, so O [qC] is
integrally closed.
If k := (kΩ,j) ∈ Ω(Γ) is a family of elements of C, we define the k-cyclotomic
specialization as the morphism Θcyck : O [q
±1] → O [qC], qΩ,j 7→ qkΩ,j , and call the
algebra H cyck := (Θ
cyc
k )
∗H = O [qC]⊗O [q±1]H the k-cyclotomic Hecke algebra of Γ.
The splitting result above and results by Chlouveraki [Chl09] show that H cyck :=
K(qC)⊗O [qC]H cyck is split semi-simple (see [BR13, chapter 2] for a precise argument).
We thus have induced by specializations bijections between the simple H -modules,
the simple H cyck -modules and the simple KW-modules.
Now, let Ocyc[qC] be the sub O [qC]-algebra of K(qC) generated by the elements
(1 − qr)−1 for r ∈ C×. This ring is called the Rouquier ring. The blocks of the
subalgebra Ocyc[qC]⊗O [qC]H cyck of H
cyc
k partition the simple H
cyc
k -modules—this
is a coarser partition than the one induced by the blocks of H cyck itself—and thus
the simple KW-modules. The families of the simple KW-modules obtained in this
way are called the Rouquier k-families.
2.15. The parameter dependent behavior of Rouquier families was analyzed by
Chlouveraki in [Chl09] using the notion of essential hyperplanes. The essential
hyperplanes are hyperplanes in the parameter space CΩ(Γ) of the Rouquier families
such that their union RouGen(Γ) has a similar property as CMGen(Γ), namely
away from these hyperplanes the Rouquier families are as fine as possible and
independent of the particular parameters. We will call them also the generic Rouquier
families. For parameters in the complement RouEx(Γ) of RouGen(Γ) some of the
generic Rouquier blocks will fuse.
To review the definition of essential hyperplanes, we first define an essential
monomial of Γ to be a monomial M in the variables qΩ,j such that there is a simple
H -module whose Schur element contains a factor of the form Ψ(M), where Ψ is a K-
cyclotomic polynomial with Ψ(1) not invertible in O . If M = ∏(Ω,j)∈Ω(Γ) q
nΩ,j
Ω,j is such
8a monomial and k ∈ CΩ(Γ), then under the k-cyclotomic specialization it specializes
to q∑(Ω,j)∈Ω(Γ) nΩ,jkΩ,j ∈ O [qC]. The hyperplane in CΩ(Γ) defined by ∑(Ω,j)∈Ω(Γ) nΩ,jkΩ,j
is called the essential hyperplane associated with M. The essential hyperplanes of Γ are
now the essential hyperplanes of the essential monomials of Γ.
Chlouveraki has determined in [Chl09] all essential hyperplanes and all Rouquier
families of all reflection groups. The results for the exceptional groups are con-
tained in the CHEVIE package [Chl] and can be obtained by using the command
DisplayAllBlocks(ComplexReflectionGroup(i)).
2.16 Remark. Our review of Rouquier families differs slightly from the original
discussion in [Chl09]. Here, only integral parameters k satisfying a certain Galois
invariance property were allowed (see [Chl09, 4.3.1]). But this restriction is not
necessary at all and the results of [Chl09] remain the same in the general case
as everything is already defined over O [qZ] and as the cyclotomic specializations
already split over K(qZ) by [Chl09]. We refer again also to [BR13, chapter 2], where
this is reviewed for real parameters.
We are finally ready to state Martino’s conjecture.
2.17 Conjecture (Special parameter conjecture, [Mar10]). Let k := (kΩ,j) ∈
CΩ(Γ) and define k] := (k]Ω,j) ∈ CΩ(Γ) with k]Ω,j := kΩ,−j. Then the
Calogero–Moser k-families are unions of Rouquier k]-families.
2.18 Conjecture (Generic parameter conjecture, [Mar10]). The generic
Calogero–Moser families are equal to the generic Rouquier families.
2.19 Remark. Our formulation of the conjectures is at first sight slightly different
from the original formulation in [Mar10] but there is actually no difference as we
will argue now.
First, Martino’s original formulation of the special parameter conjecture only
deals with integral parameters—but, as apparent from [Mar10] and [Mar11], this was
only due to the assumption on the integrality of the parameters for the Rouquier
families in [Chl09] and we have already argued that this was not necessary.
Second, the term generic in Martino’s original formulation of the generic parame-
ter conjecture was not defined—it was just stated that for generic parameters both
families are equal. To be careful, we prove in the following lemma 2.21 that another
more direct and seemingly stronger interpretation is equivalent to our formulation.
2.20 Lemma. If there exists a non-empty Zariski open subset U ⊆ CΩ(Γ) such that the
Calogero–Moser k-families remain the same for all k ∈ U, then these families are the
generic Calogero–Moser families and so U ⊆ Φ−1CMGen(Γ). A similar statement
holds for Rouquier families.
Proof. As Φ−1CMGen(Γ) ⊆ CΩ(Γ) is a non-empty Zariski open subset, the inter-
section U ∩Φ−1CMGen(Γ) is non-empty and so the Calogero–Moser k-families for
9k ∈ U are the generic Calogero–Moser families. The same argument applies to
Rouquier families. 
2.21 Lemma. The following assertions are equivalent:
(a) The generic Calogero–Moser families are equal to the generic Rouquier
families.
(b) There exists a non-empty Zariski open subset U ⊆ CΩ(Γ) such that the
Calogero–Moser k-families are equal to the Rouquier k]-families for all
k ∈ U.
Proof. First note that the map ] : CΩ(Γ) → CΩ(Γ), k 7→ k], is an automorphism of
order 2 of the variety CΩ(Γ). As both Φ−1CMGen(Γ) and RouGen(Γ) are non-empty
open subsets of CΩ(Γ), also
X := Φ−1CMGen(Γ) ∩ (Φ−1CMGen(Γ))] ∩ RouGen(Γ) ∩ RouGen(Γ)]
is a non-empty open subset of CΩ(Γ). This subset is furthermore ]-stable.
Now, suppose that (a) holds. If k ∈ X, then k ∈ Φ−1CMGen(Γ) so that the
Calogero–Moser k-families are equal to the generic Calogero–Moser families. These
are in turn by assumption equal to the generic Rouquier families. As k] ∈ X and so
k] ∈ RouGen(Γ), the generic Rouquier families are equal to the Rouquier k]-families.
Hence, the Calogero–Moser k-families are equal to the Rouquier k]-families for all
k ∈ X, proving (b).
Conversely, suppose that (b) holds. As U is a non-empty open subset, it follows
from 2.20 that the Calogero–Moser k-families are equal to the generic Calogero–
Moser families for all k ∈ U. In the same way, using that U] is also a non-empty
open subset, the Rouquier k]-families are equal to the generic Rouquier families.
This already shows (a). 
Although the generic parameter conjecture does not involve the explicit parameter
correspondence k ↔ k], it still implies that the special parameter conjecture holds
for Zariski almost all parameters as the following lemma shows.
2.22 Lemma. If the generic Calogero–Moser families are unions of generic Rouquier
families, then Martino’s special parameter conjecture holds for all k ∈ Φ−1CMGen(Γ).
Proof. Suppose that k ∈ Φ−1CMGen(Γ). Then the Calogero–Moser k-families are
equal to the generic Calogero–Moser k-families, which are by assumption unions
of generic Rouquier families and these are in turn unions of Rouquier k]-families.
Hence, the Calogero–Moser k-families are unions of Rouquier k]-families and so
Martino’s special parameter conjecture holds for k. 
The following theorem summarizes the current status of the conjecture.
2.23 Theorem ([GM09], [Mar10], [Bel12], [Bel09], [Mar11]). Martino’s conjecture
holds in its full form for the whole infinite series G(m, p, n), and the generic parame-
ter conjecture also holds for the exceptional group G4. 
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The aim of this article is to investigate Martino’s conjecture for further exceptional
groups. As the exceptional groups unfortunately do not have a coherent description
as the groups G(m, p, n), results in this direction will (so far) be less structural and
more computational. However, the key ingredients allowing us to derive some results
are of theoretical nature and we will now discuss them.
§2E. Dimensions of simple modules and Calogero–Moser families
We will now review an important connection between the dimensions of simple
Hk-modules and Calogero–Moser k-families.
2.24 Theorem ([EG02, 1.7]). For all λ and all k the estimate dimC Lk(λ) ≤ |W|
holds. 
Although the following result is well-known and follows in conjunction with the
above theorem from a characterization of the Azumaya points of the center of Hk
due to Brown (discussed by Gordon [Gor03, 7.2]), we give here a simple isolated
proof of this fact.
2.25 Proposition. If dimC Lk(λ) < |W|, then λ lies in a non-singleton Calogero–
Moser k-family.
Proof. Suppose that L := Lk(λ) lies in a singleton Calogero–Moser k-family. Since
M := Mk(λ) is indecomposable, we thus have [M] = a[L] in the Grothendieck group
G0(Hk) for some a ∈N>0. This relation implies that
a dimC L = dimC M = |W| · dimC λ
and since we assumed dimC L < |W|, we conclude that a > dimC λ. Let (−)W :=
resHk
CW : G0(Hk) → G0(CW) be the canonical morphism. Since M ∼= CW ⊗C λ as
CW-modules, we get
a[L]W = [M]W = [CW ⊗C λ]W = dimC λ · [1W ] + ∑
µ∈Λ\{1W}
aµ[µ]
for some aµ ∈N. In the above we used the fact that [CW ⊗C λ, 1W ] = dimC λ, which
follows at once from the relation (χ⊗ ψ, ϕ) = (χ,ψ∗ ⊗ ϕ) for characters χ, ϕ,ψ of W.
But the above relation implies that dimC λ must be divisible by a, contradicting the
estimate a > dimC λ derived above. Hence, L lies in a non-singleton Calogero–Moser
k-family. 
§2F. Supersingular characters
Recall that Mk(λ) is Z-graded and therefore its head Lk(λ) is also Z-graded. As
Mk(λ) is by definition concentrated in degree Z≥0, the same applies to Lk(λ). In
the extreme case that dimC Lk(λ) = |W| there is a general formula for the Poincaré
series of Lk(λ) due to Bellamy.
To present this formula, first recall (see also [Kan01, §24]) that the coinvariant
algebra S(V)W is as a CW-module isomorphic to CW and is therefore a Z≥0-graded
version of the natural CW-module. Each λ ∈ Λ thus has a graded multiplicity in
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S(V)W , given by the expression
fλ(t) := ∑
i∈Z
[(S(V)W)i : λ] · ti ∈ Z[t] =
(
n
∏
i=1
1− tdi
)
1
|W| ∑w∈W
λ(w)
det(1− wt) ,
where (S(V)W)i denotes the homogeneous component of degree i of S(V)W and
(di)ni=1 are the invariant degrees of Γ. The Poincaré series of S(V)W has the explicit
form
PS(V)W (t) = ∑
i∈Z
dimC(S(V)W)i · ti =
n
∏
i=1
1− tdi
1− t =
n
∏
i=1
di−1
∑
j=0
tj .
2.26 Theorem ([Bel09, 3.3]). If dimC Lk(λ) = |W|, then the Poincaré series of Lk(λ)
is equal to
PLk(λ)(t) =
dimC(λ)tbλPS(V)W (t)
fλ(t)
∈ Z[t] ,
where bλ is the trailing degree of fλ(t), i.e., the order of zero of fλ(t) at t = 0.
2.27 Definition. If fλ(t) does not divide dimC(λ)tbλPS(V)W (t), we say that λ is super-
singular. Note that this independent of the parameter k.
2.28 Proposition. If λ is supersingular, then dim Lk(λ) < |W| and Lk(λ) lies in a
non-singleton Calogero–Moser k-family for all k.
Proof. By theorem 2.24 we know that dimC Lk(λ) ≤ |W|. The supersingularity of
λ thus implies by theorem 2.26 that dimC Lk(λ) < |W| and then we deduce from
proposition 2.25 that Lk(λ) lies in a non-singleton Calogero–Moser k-family. 
Due to the explicit formulas given above the notion of supersingularity yields a
very effective method for deducing information about the simple modules and the
blocks of Hk. We emphasize that this method was already used by Bellamy [Bel09]
to deduce that for any exceptional group Gi with i > 4 there exists a supersingular
irreducible character and so the Calogero–Moser families are always non-trivial for
these groups. This was a very important result but unfortunately it does not yield any
precise information about the actual structure of the Calogero–Moser families. We
will now combine this result by Bellamy with a further simple theoretical idea which
will finally allow us to actually determine the precise structure of Calogero–Moser
families for generic parameters for some exceptional groups.
§2G. Euler families
2.29. Our second theoretical ingredient is a certain non-trivial central element, the
so-called Euler element, in H0,k for any parameter k. This element was already used
in [DO03], [Gin+03], [Gor08], and [BR13]. It thus has a long history but this article
employs it for the first time also for the exceptional complex reflection groups.
Before we recall its definition we note that if (xi)ni=1 is a basis of V and (yi)
n
i=1
is its dual basis, then the element ∑ni=1 xiyi ∈ T(V ⊕ V∗) is independent of the
choice of the basis. To see this, suppose that (x′i)
n
i=1 is another basis of V with
dual basis (y′i)
n
i=1. Let g be the automorphism of V mapping xi to x
′
i for all i. Since
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(gyi)(x′j) = (
gyi)(gxj) = yi(g
−1gxj) = yi(xj) = δij, it follows that y′i =
gyi for all i. Let
A := (aij) be the matrix of g acting on V in the basis (xi)ni=1 and let B := (bij) be the
matrix of g acting on V∗ in the basis (yi)ni=1. Then B = (A
t)−1 and consequently
n
∑
i=1
x′iy
′
i =
n
∑
i=1
gxigyi =
n
∑
i=1
(
n
∑
j=1
ajixj
)(
n
∑
k=1
bkiyk
)
=
n
∑
i,j,k=1
ajibkixjyk
=
n
∑
j,k=1
(
n
∑
i=1
ajibki
)
xjyk =
n
∑
j,k=1
(ABt)j,kxjyk =
n
∑
j,k=1
δjkxjyk =
n
∑
i=1
xiyi .
We can now unambiguously define the Euler element as
euk :=
n
∑
i=1
xiyi − ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs) ∈ H0,k ,
where (xi)ni=1 is a basis of V and (yi)
n
i=1 is its dual basis. Recall that εs was defined
as the non-trivial eigenvalue of s. The following lemma is well-known but we still
give a proof here for completeness.
2.30 Lemma. The Euler element euk is a non-zero central element in H0,k.
Proof. Clearly, euk is non-zero as its group algebra part
eˇuk := − ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs) ∈ CW
is non-zero. To show that euc is central, it suffices to prove that it commutes with
elements from V, V∗, and W since H0,k is generated as a C-algebra by such elements.
Let (xi)ni=1 be a basis of V and let (yi)
n
i=1 be its dual basis. If w ∈ W, then clearly
weˇuk = eˇukw and
w
(
n
∑
i=1
xiyi
)
=
n
∑
i=1
wxiyi =
n
∑
i=1
wxiwyi =
n
∑
i=1
wxiwyiw =
(
n
∑
i=1
xiyi
)
w
as seen in 2.29. Hence, euk commutes with w.
Now, let x ∈ V. Then
[euk, x] = −
n
∑
i=1
xi[x, yi] + [eˇuk, x] .
We have
[eˇuk, x] = eˇukx− xeˇuk = − ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs)x + ∑s∈Ref(Γ)
1
1− εs ck(s)x(s− εs)
= ∑
s∈Ref(Γ)
1
1− εs ck(s)(xs− sx) = ∑s∈Ref(Γ)
1
1− εs ck(s)(x−
sx)s
and therefore
[euk, x] = −
n
∑
i=1
xi
 ∑
s∈Ref(Γ)
〈x, α∨s 〉〈αs, yi〉
〈αs, α∨s 〉
ck(s)s
+ ∑
s∈Ref(Γ)
1
1− εs ck(s)(x−
sx)s
= ∑
s∈Ref(Γ)
(
1
1− εs (x−
sx)− 〈x, α
∨
s 〉
〈αs, α∨s 〉
n
∑
i=1
xi〈αs, yi〉
)
.
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The summand for s ∈ Ref(Γ) in the above expression is zero whenever x is fixed by
s, since then x ∈ Ker(α∨s ) and x− sx = 0. If x is in the complement 〈αs〉C of Ker(α∨s ),
then sx = εsx, and the summand is in this case also easily seen to be zero. In total,
we have proven that [euk, x] = 0. In the same way we can prove that [euk, y] = 0 for
all y ∈ V∗ and so we have proven that euk is central in H0,k. 
2.31. The image of the Euler element euk in Hk, which we again denote by euk, is also
central, and it is also non-zero since the group algebra part of euk is not contained
in mkH0,k. This is a very important aspect, since if ωLk(λ) : Z(Hk)→ C denotes the
central character of the simple Hk-module Lk(λ), then the fibers of the map Λ→ C,
λ 7→ ωLk(λ)(euk), yield a partition of Λ which we denote by Euk and whose members
we call the Euler k-families. As the partition of the simple Hk-modules defined by
the block structure of Hk is determined by the values of the central characters on
all central elements of Hk, the partition Euk is coarser than CMk. Although this is a
simple observation, it still yields a very useful access point for determining CMk in
some situations because the Euler families are very easy to compute as we will see.
2.32 Proposition. The following holds:
(a) The group algebra part
eˇuk := − ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs) ∈ CW
of euk is a non-zero central element in CW.
(b) For λ ∈ Λ the Euler element euk acts on Mk(λ), and thus on its head Lk(λ),
by the scalar ωλ(eˇuk), where ωλ : Z(CW)→ C is the central character of λ.
This value is given by
ωLk(λ)(eˇuk) = ωλ(eˇuk) =
1
λ(1) ∑s∈Ref(Γ)
ck(s)
1− εs (εsλ(1)− λ(s)) .
Proof. The first assertion is easy to see. To prove the second, recall that Mk(λ) ∼=
S(V)W ⊗C λ as CW-modules. If f ⊗ u ∈ Mk(λ), then, as euk is central, we have
euk( f ⊗ u) = euk f ⊗ u = f euk ⊗ u
= f
 n∑
i=1
xiyi − ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs)
⊗ u
=
n
∑
i=1
f xiyi ⊗ u− f
 ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs)
⊗ u
= 0− f ⊗ ∑
s∈Ref(Γ)
1
1− εs ck(s)(s− εs)u
= f ⊗ωλ(eˇuk)u = ωλ(eˇuk)( f ⊗ u) ,
where we used the fact that V∗ acts as zero on Mk(λ) by definition. This already
shows that euk acts by ωλ(eˇuk) on Mk(λ). 
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2.33 Corollary. Two irreducible characters λ, µ ∈ Λ lie in the same Euler k-family if
and only if
pλ,µ(k) := ∑
s∈Ref(Γ)
ck(s)
1− εs
(
λ(s)
λ(1)
− µ(s)
µ(1)
)
= 0 .

2.34. Similar to the Calogero–Moser families the Euler families have the property
that there exists a non-empty Zariski open subset EuGen(Γ) ⊆ CΩ(Γ) on which the
Euler families have their finest possible form—we will call them the generic Euler
families—and that for parameters contained in the complement EuEx(Γ) of EuGen(Γ)
the Euler families are unions of generic Euler families. We call EuEx(Γ) the Euler
variety of Γ. Due to the description of the Euler families above we see that the Euler
variety is simply the zero locus of those pλ,µ which are not already constantly zero.
As the pλ,µ are homogeneous polynomials of degree one when considering the
family k as indeterminates, the Euler variety is a union of hyperplanes. We also see
that two irreducible characters λ, µ ∈ Λ lie in a common generic Euler family if and
only if
µ(1)λ(s) = λ(1)µ(s)
for all s ∈ Ref(Γ). We can thus easily compute the generic Euler families from the
character table of W and this is what makes them a nice tool for our purposes.
The concept of Euler families allows us to deduce the following general result.
2.35 Proposition. If λ ∈ Λ is one-dimensional, it lies in a singleton Calogero–Moser
k-family for every k ∈ CMGen(Γ) ∪ EuGen(Γ).
Proof. If we can show the assertion for all k ∈ EuGen(Γ), then it also holds for all k ∈
CMGen(Γ) by lemma 2.20. It furthermore suffices to show that each one-dimensional
character lies in a singleton generic Euler family as the Calogero–Moser families are
refinements of the Euler families. So, suppose that µ ∈ Λ lies in the same generic
Euler family as λ. By corollary 2.33 this means that µ(1)λ(s) = λ(1)µ(s) = µ(s) for
all s ∈ Ref(Γ). Since λ is one-dimensional, λ : W → C× is actually a group morphism
so that for any w ∈ W we have λ(w)Ord(w) = λ(wOrd(w)) = λ(1) = 1, i.e., λ(w) is a
root of unity of order dividing that of w. Hence, |µ(s)| = |µ(1)λ(s)| = µ(1) =: n.
But according to [Isa76, 2.27a] this means that s is contained in the center of the
character µ and therefore ρµ(s) = εsIn for some εs ∈ C, where ρµ : W → GLn(C)
denotes the representation corresponding to µ and In is the identity matrix. As
W is generated by the s ∈ Ref(Γ), it follows that ρµ(w) is a multiple of In for all
w ∈W, and now ρµ already has to be one-dimensional as it is irreducible. The above
equation now becomes µ(s) = λ(s) for all s ∈ Ref(Γ) and this implies µ = λ as both
are one-dimensional. 
2.36 Remark. The above result was also proven at about the same time by Bonnafé–
Rouquier [BR13, 9.5.10].
Now we come to our key argument to be used in §3. For a closer analysis we first
introduce the following notion.
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2.37 Definition. We say that an Euler k-familyF is good if it is of one of the following
types:
(a) |F | = 1.
(b) |F | = 2 and at least one character in F is supersingular.
(c) |F | = 3 and all characters in F are supersingular.
Otherwise, we say that F is bad.
2.38 Proposition. Every good Euler k-family is already a Calogero–Moser k-family.
Proof. Let F be a good Euler k-family. If |F | = 1, then this must already be a
Calogero–Moser family since the Calogero–Moser families are finer than the Euler
families. If F is of the other two types, suppose it is not a Calogero–Moser family.
Again, as the Calogero–Moser families are finer than the Euler families, the family
F would split into several Calogero–Moser families. But now the assumptions on
F imply that there would be a supersingular character in F which would form a
singleton Calogero–Moser family. This is, however, not possible by proposition 2.28
and so F must be already be a Calogero–Moser family. 
For larger Euler families we cannot decide by such simple methods if they are
already Calogero–Moser families or if they split into several Calogero–Moser families.
In some cases, however, this is already enough for generic parameters as we will see
in the next paragraph.
§3. Results
3.1. Due to the explicit formulas given in §2F and §2G we can easily compute
the bad generic Euler families for each exceptional group—all we need is just the
character table and the invariant degrees of the group (see 2.2). The following table 1
summarizes the results.
Group Bad fam.
G4 –
G5 –
G6 –
G7 32
G8 –
G9 41
G10 –
G11 38, 43
G12 41
G13 61
G14 33
G15 43
Group Bad fam.
G16 51
G17 45, 52
G18 35, 53
G19 320, 415, 56, 65
G20 91
G21 46, 63
G22 101
G23 = H3 –
G24 –
G25 –
G26 –
G27 32, 41, 62
Group Bad fam.
G28 = F4 51
G29 42, 91
G30 = H4 161
G31 22, 42, 62, 131
G32 43
G33 42, 72
G34 32, 42, 52, 62, 76, 93, 172, 191
G35 = E6 22, 32, 51
G36 = E7 38, 54
G37 = E8 22, 310, 42, 52, 64, 181
Table 1. Bad generic Euler families for the exceptional groups.
Using 2.38, 2.20, and 2.34 we immediately deduce from this table the following
theorem.
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3.2 Theorem. For precisely the exceptional groups
W ∈ {G4, G5, G6, G8, G10, G23 = H3, G24, G25, G26}
there are no bad generic Euler families and so
Euk = CMk for all k /∈ Φ−1EuEx(W) .
In particular, the generic Euler families are equal to the generic Calogero–
Moser families and CMEx(W) ⊆ EuEx(W). 
We note that except for the group G5 and G10 all groups in 3.2 are spetsial (see
[Mal00, §8]).
A closer look at the generic Calogero–Moser families of the above groups and
a comparison to the generic Rouquier families in the following sections §3A to §3I
yields a proof of the following theorem.
3.3 Theorem. For all the groups
W ∈ {G4, G5, G6, G8, G10, G23 = H3, G24, G25, G26}
the following holds:
(a) Martino’s special parameter conjecture holds for all parameters
k ∈ Φ−1CMGen(W) ⊇ Φ−1EuGen(W).
(b) Martino’s generic parameter conjecture holds—except for the
group G25 where it fails.
(c) Φ−1EuEx(W) is ]-stable and
RouEx(W) ⊆ Φ−1EuEx(W) ⊇ Φ−1CMEx(W) .

3.4. Each of the upcoming sections is devoted to one particular of the above groups—
starting with G4 and G25 because here something interesting happens. As there are no
canonical explicit realizations of the exceptional groups, we usually—if nothing else
is mentioned—include the realization used in [Chevie] and we will then also use the
labeling of the irreducible characters of the reflection groups as in [Chevie] because
a consistent labeling is crucial for the comparison with the results in [Chl]. Mostly,
an irreducible character χ can uniquely be labeled by φd,b, where d := χ(1) is the
degree of χ and b is the trailing degree of the fake degree fχ(t) of χ. Unfortunately,
this (d, b)-pair does not always yield a unique label. According to more ore less
fixed rules those characters with the same (d, b)-pair are labeled in [Chevie] with
additional primes attached—and this is where the explicit realizations of the groups
will be important. The labelings used in [Chevie] can be obtained using the command
CharNames(CharTable(W)), where W is an exceptional complex reflection group.
To obtain explicit knowledge about generic parameters we will also always
provide an explicit presentation of the Euler variety. To simplify notations we have
decomposed the Euler variety Φ−1EuEx(Γ) ⊆ CΩ(Γ) into orbits under the action
of Young subgroups of the symmetric group S|Ω(Γ)| on the projective space of
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hyperplanes
Gr(CΩ(Γ), |Ω(Γ)| − 1) ∼= P(CΩ(Γ)) ∼= CΩ(Γ)/C×
by coordinate permutations. So, for example, if Γ has two conjugacy classes of
reflections of order 2, and Ω1 and Ω2 denote the corresponding reflection hyperplane
orbits, then the parameters in CΩ(Γ) are of the form k := (k1,0, k1,1, k2,0, k2,1) and the
notation
Σ{{1,2},{3,4}}.(1, 2, 3, 4)
denotes the orbit of the hyperplane k1,0 + 2k1,1 + 3k2,0 + 4k2,1 under the Young
subgroup Σ{{1,2},{3,4}} of S4. The hyperplanes in this orbit are
k1,0 + 2k1,1 + 3k2,0 + 4k2,1
2k1,0 + k1,1 + 3k2,0 + 4k2,1
k1,0 + 2k1,1 + 4k2,0 + 3k2,1
2k1,0 + k1,1 + 4k2,0 + 3k2,1 .
§3A. G4
3.5. The group G4 is the smallest exceptional reflection group and is isomorphic to
SL2(F3), so its order is equal to 24. It can be realized as the matrix group over Q(ζ),
where ζ := ζ3, generated by the reflections
s :=
(
1 0
0 ζ
)
, t :=
1
3
(
2ζ + 1 ζ − 1
2ζ − 2 ζ + 2
)
.
There are two conjugacy classes of reflections: the one of s and the one of s2 (both of
order 3 and length 4). Hence, there is just one orbit Ω1 of reflection hyperplanes and
so the parameters for the restricted rational Cherednik algebra are k := (k1,0, k1,1, k1,2).
We can now compute that
ck(s) = (−ζ − 2)k1,0 + (−ζ + 1)k1,1 + (2ζ + 1)k1,2 ,
ck(s2) = (ζ − 1)k1,0 + (ζ + 2)k1,1 + (−2ζ − 1)k1,2 .
The group G4 has 7 irreducible characters and from the character table we can easily
compute the table 2.
λ λ(s) λ(s2) ωλ(eˇuk)
φ1,0 1 1 12k1,0 − 12k1,1
φ1,4 ζ −ζ − 1 0
φ1,8 −ζ − 1 ζ 12k1,0 − 12k1,2
φ2,5 −1 −1 6k1,0 − 6k1,2
λ λ(s) λ(s2) ωλ(eˇuk)
φ2,3 −ζ ζ + 1 12k1,0 − 6k1,1 − 6k1,2
φ2,1 ζ + 1 −ζ 6k1,0 − 6k1,1
φ3,2 0 0 8k1,0 − 4k1,1 − 4k1,2
Table 2. Character data for G4.
This table immediately reveals that the condition χµ(1)λ(s) = λ(1)χµ(s) is never
satisfied for λ 6= µ, implying that the generic Euler families are singletons. But as
CMk is a refinement of Euk, we must already have
Euk = CMk for all k /∈ Φ−1EuEx(G4) .
By considering non-zero differences ωλ(eˇuk)−ωµ(eˇuk) we can furthermore com-
pute from table 2 that Φ−1EuEx(G4) is the union of the following six hyperplanes,
which form two orbits under the symmetric group S3:
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Label Orbit Length
1 S3.(0, 1,−1) 3
2 S3.(1,−1, 1) 3
Table 3. Φ−1EuEx(G4).
The operation ] is described by the action of the cycle (2, 3) ∈ S3 so that all orbits
and thus Φ−1EuEx(G4) are stable under ]. A comparison with the data in [Chl]
shows that the hyperplanes above are precisely the six essential hyperplanes for G4
so that RouEx(G4) = Φ−1EuEx(G4) and that the generic Rouquier families are also
singletons. This proves 3.3 for G4.
3.6 Remark. We emphasize that Bellamy already proved in [Bel09] that the Calogero–
Moser families for G4 are singletons for generic parameters. His proof was more
involved however and did not directly give an explicit open subset of generic param-
eters.
3.7 Remark. More elaborate computational methods have been used in [Thi] to
compute the Calogero–Moser families on each of the hyperplanes of Φ−1EuEx(G4). It
turns out that RouEx(G4) = Φ−1EuEx(G4) = Φ−1CMEx(G4) and that on each of the
hyperplanes the Calogero–Moser families coincide with the Rouquier families. This
indeed confirms Martino’s conjecture in its full form for G4. Due to the additional
computational ingredients involved in this approach, we will postpone the discussion
to a future article.
§3B. G25
3.8. The group G25 is of order 648 and can be realized as the matrix group over Q(ζ),
where ζ := ζ3, generated by the reflections
s :=
1 0 00 1 0
0 0 ζ
 , t := 1
3
ζ + 2 ζ − 1 ζ − 1ζ − 1 ζ + 2 ζ − 1
ζ − 1 ζ − 1 ζ + 2
 , u :=
1 0 00 ζ 0
0 0 1
 .
There are two conjugacy classes of reflections: the one of s and the one of s2 (both of
order 3 and length 12). As in §3A we deduce that the parameters for the restricted
rational Cherednik algebra are k := (k1,0, k1,1, k1,2) and we can now compute that
ck(s) = (−ζ − 2)k1,0 + (−ζ + 1)k1,1 + (2ζ + 1)k1,2 ,
ck(s2) = (ζ − 1)k1,0 + (ζ + 2)k1,1 + (−2ζ − 1)k1,2 .
The group G25 has 24 irreducible characters and from the character table we can
compute the table 4 on page 19. We can immediately see in this table that the
three characters φ3,6, φ9,7, and φ9,5, lie in a common Euler k-family for any k as the
character values on reflections is always zero. A consideration of the values ωλ(eˇuk)
listed in this table shows that the family {φ3,6, φ9,7, φ9,5} indeed forms a generic Euler
family and furthermore that this is the only non-singleton generic Euler family. All
characters different from φ3,6, φ9,7, and φ9,5, thus form a singleton Calogero–Moser
k-family for all k /∈ Φ−1EuEx(G25) and it remains to decide whether the generic
Euler family {φ3,6, φ9,7, φ9,5} is already a Calogero–Moser family or if this family
splits into several Calogero–Moser families. The concept of supersingularity resolves
this question. Namely, in the column denoted by ss in table 4 we have listed if
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λ λ(s) λ(s2) ωλ(eˇuk) ss
φ1,0 1 1 36k1,0 − 36k1,1 n
φ1,24 −ζ − 1 ζ 36k1,0 − 36k1,2 n
φ1,12 ζ −ζ − 1 0 n
φ2,15 −1 −1 18k1,0 − 18k1,2 n
φ2,9 −ζ ζ + 1 36k1,0 − 18k1,1 − 18k1,2 n
φ2,3 ζ + 1 −ζ 18k1,0 − 18k1,1 n
φ3,6 0 0 24k1,0 − 12k1,1 − 12k1,2 y
φ3,1 ζ + 2 −ζ + 1 24k1,0 − 24k1,1 n
φ′3,5 −ζ + 1 ζ + 2 36k1,0 − 24k1,1 − 12k1,2 n
φ′′3,13 −2ζ − 1 2ζ + 1 36k1,0 − 12k1,1 − 24k1,2 n
φ3,17 −ζ − 2 ζ − 1 24k1,0 − 24k1,2 n
φ′′3,5 2ζ + 1 −2ζ − 1 12k1,0 − 12k1,1 n
λ λ(s) λ(s2) ωλ(eˇuk) ss
φ′3,13 ζ − 1 −ζ − 2 12k1,0 − 12k1,2 n
φ′′6,4 2ζ + 1 −2ζ − 1 18k1,0 − 12k1,1 − 6k1,2 n
φ6,10 −ζ − 2 ζ − 1 24k1,0 − 6k1,1 − 18k1,2 n
φ′6,8 ζ − 1 −ζ − 2 18k1,0 − 6k1,1 − 12k1,2 n
φ6,2 ζ + 2 −ζ + 1 24k1,0 − 18k1,1 − 6k1,2 n
φ′′6,8 −2ζ − 1 2ζ + 1 30k1,0 − 12k1,1 − 18k1,2 n
φ′6,4 −ζ + 1 ζ + 2 30k1,0 − 18k1,1 − 12k1,2 n
φ8,3 2 2 27k1,0 − 18k1,1 − 9k1,2 n
φ8,9 −2ζ − 2 2ζ 27k1,0 − 9k1,1 − 18k1,2 n
φ8,6 2ζ −2ζ − 2 18k1,0 − 9k1,1 − 9k1,2 n
φ9,7 0 0 24k1,0 − 12k1,1 − 12k1,2 y
φ9,5 0 0 24k1,0 − 12k1,1 − 12k1,2 y
Table 4. Character data for G25.
the character is supersingular (symbolized by y) or not (symbolized by n), and we
see that the three characters φ3,6, φ9,7, and φ9,5 are supersingular. So, these three
characters form a good generic Euler family and now we know from 2.38 that this is
indeed a Calogero–Moser k-family for k /∈ Φ−1EuEx(G25). Hence,
Euk = CMk for all k /∈ Φ−1EuEx(G25) .
From table 4 we can also compute that Φ−1EuEx(G25) is the union of the follow-
ing 30 hyperplanes, which form six orbits under the group S3:
Label Orbit Length
1 S3.(0, 1,−1) 3
2 S3.(1,−6, 5) 6
3 S3.(1,−4, 3) 6
Label Orbit Length
4 S3.(1,−3, 2) 6
5 S3.(1,−2, 1) 3
6 S3.(2,−5, 3) 6
Table 5. Φ−1EuEx(G25).
Again the operation ] is described by the action of the cycle (2, 3) ∈ S3 so that all
orbits and thus Φ−1EuEx(G25) are stable under ]. A comparison with the data in
[Chl] shows that the 12 hyperplanes in the orbits 1, 4, and 5 are precisely the essential
hyperplanes for G25 so that RouEx(G25) ⊆ Φ−1EuEx(G25). The data in [Chl] shows
however that although there is also just one non-singleton generic Rouquier family,
this family is equal to {φ9,7, φ9,5}. Hence, in contrast to the generic Calogero–Moser
families, the character φ3,6 lies in a singleton generic Rouquier family and this shows
that the generic Calogero–Moser families are unions of generic Rouquier families but
not equal to them. This still proves Martino’s special parameter conjecture for all
k ∈ Φ−1CMGen(G25) but it disproves Martino’s generic parameter conjecture! 
§3C. G5
3.9. The group G5 is of order 72 and can be realized as the matrix group over Q(ζ),
where ζ := ζ3, generated by the reflections
s :=
(
1 0
0 ζ
)
, t :=
1
3
(
ζ + 2 −ζ + 1
−2ζ + 2 2ζ + 1
)
.
There are four conjugacy classes of reflections: the one of s, of s2, of t, and of t2 (all of
order 3 and length 4). Hence, there are two orbits of reflection hyperplanes, namely
the orbit Ω1 of the reflection hyperplane of s, and the orbit Ω2 of the reflection
hyperplane of t. The parameters for the restricted rational Cherednik algebra are
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therefore k := (k1,0, k1,1, k1,2, k2,0, k2,1, k2,2) and we can now compute that
ck(s) = (−ζ − 2)k1,0 + (−ζ + 1)k1,1 + (2ζ + 1)k1,2 ,
ck(s2) = (ζ − 1)k1,0 + (ζ + 2)k1,1 + (−2ζ − 1)k1,2 ,
ck(t) = (−ζ − 2)k2,0 + (−ζ + 1)k2,1 + (2ζ + 1)k2,2 ,
ck(t2) = (ζ − 1)k2,0 + (ζ + 2)k2,1 + (−2ζ − 1)k2,2 .
The group G5 has 21 irreducible characters and from the character table of G5 we
can compute the table 6.
λ λ(s) λ(s2) ωλ(eˇuk) ss
φ1,0 1 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,1 n
φ′′1,12 −ζ − 1 ζ 12k1,0 − 12k1,2 n
φ1,16 −ζ − 1 −ζ − 1 12k1,0 − 12k1,2 + 12k2,0 − 12k2,2 n
φ′1,4 1 ζ 12k1,0 − 12k1,1 n
φ′′1,8 ζ ζ 0 n
φ′1,8 1 −ζ − 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,2 n
φ′′′1,8 −ζ − 1 1 12k1,0 − 12k1,2 + 12k2,0 − 12k2,1 n
φ′′1,4 ζ 1 12k2,0 − 12k2,1 n
φ′1,12 ζ −ζ − 1 12k2,0 − 12k2,2 n
φ2,9 −1 −1 6k1,0 − 6k1,2 + 6k2,0 − 6k2,2 n
φ′′2,7 −ζ −1 12k1,0 − 6k1,1 − 6k1,2 + 6k2,0 − 6k2,2 n
φ′2,3 −ζ ζ + 1 12k1,0 − 6k1,1 − 6k1,2 + 6k2,0 − 6k2,1 n
φ′′′2,5 ζ + 1 −1 6k1,0 − 6k1,1 + 6k2,0 − 6k2,2 n
φ′′2,3 ζ + 1 −ζ 6k1,0 − 6k1,1 + 12k2,0 − 6k2,1 − 6k2,2 n
φ′′2,5 −ζ −ζ 12k1,0 − 6k1,1 − 6k1,2 + 12k2,0 − 6k2,1 − 6k2,2 n
φ2,1 ζ + 1 ζ + 1 6k1,0 − 6k1,1 + 6k2,0 − 6k2,1 n
φ′2,7 −1 −ζ 6k1,0 − 6k1,2 + 12k2,0 − 6k2,1 − 6k2,2 n
φ′2,5 −1 ζ + 1 6k1,0 − 6k1,2 + 6k2,0 − 6k2,1 n
φ3,6 0 0 8k1,0 − 4k1,1 − 4k1,2 + 8k2,0 − 4k2,1 − 4k2,2 y
φ3,4 0 0 8k1,0 − 4k1,1 − 4k1,2 + 8k2,0 − 4k2,1 − 4k2,2 y
φ3,2 0 0 8k1,0 − 4k1,1 − 4k1,2 + 8k2,0 − 4k2,1 − 4k2,2 y
Table 6. Character data for G5.
From this table we see that there is only one non-singleton generic Euler family,
namely {φ3,6, φ3,4, φ3,2}. Furthermore, we see that these three characters are all
supersingular so that this is a good generic Euler family and thus already a Calogero–
Moser k-family for all k /∈ Φ−1EuEx(G5). Hence,
Euk = CMk for all k /∈ Φ−1EuEx(G5) .
From table 6 we can also compute that Φ−1EuEx(Γ) is the union of the fol-
lowing 69 hyperplanes, which form six orbits under the Young subgroup Σ :=
Σ{{1,2,3},{4,5,6}} of S6:
Label Orbit Length
1a Σ.(0, 1,−1, 0, 0, 0) 3
1b Σ.(0, 0, 0, 0, 1,−1) 3
2 Σ.(0, 1,−1, 0,−1, 1) 18
Label Orbit Length
3a Σ.(0, 1,−1,−2, 1, 1) 18
3b Σ.(1,−2, 1, 0,−1, 1) 18
4 Σ.(1,−2, 1,−2, 1, 1) 9
Table 7. Φ−1EuEx(G5).
The operation ] is described by the action of the permutation (2, 3)(5, 6) ∈ Σ so that
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all orbits and thus Φ−1EuEx(G5) are stable under ]. A comparison with the data
in [Chl] shows that the 24 hyperplanes in the orbits 1a, 1b, 4, and in the suborbit
〈(1, 2, 3), (4, 5, 6)〉.(0, 1,−1, 0,−1, 1) of orbit 2 are precisely the essential hyperplanes
of G5 so that RouEx(G5) ⊆ Φ−1EuEx(G5). Furthermore, the data in [Chl] shows that
the generic Rouquier families coincide with the generic Calogero–Moser families
just determined. This proves 3.3 for G5. 
§3D. G6
3.10. The group G6 is of order 48 and can be realized as the matrix group over Q(ζ),
where ζ := ζ12, generated by the reflections
s :=
1
3
( −ζ3 + 2ζ −ζ3 + 2ζ
−2ζ3 + 4ζ ζ3 − 2ζ
)
, t :=
(
1 0
0 ζ2 − 1
)
.
There are three conjugacy classes of reflections: the one of s (of order 2 and length
4), and the ones of t and t2 (both of order 3 and length 4). Hence, there are two
orbits of reflection hyperplanes, namely the orbit Ω1 of the reflection hyperplane of
s, and the orbit Ω2 of the reflection hyperplane of t. The parameters for the restricted
rational Cherednik algebra are therefore k := (k1,0, k1,1, k2,0, k2,1, k2,2) and we can now
compute that
ck(s) = −2k1,0 + 2k1,1 ,
ck(t) = (−ζ2 − 1)k2,0 + (−ζ2 + 2)k2,1 + (2ζ2 − 1)k2,2 ,
ck(t2) = (ζ2 − 2)k2,0 + (ζ2 + 1)k2,1 + (−2ζ2 + 1)k2,2 .
The group G6 has 14 irreducible characters and from the character table we can
compute the table 8.
λ λ(s) λ(t) λ(t2) ωλ(eˇuk) ss
φ1,0 1 1 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,1 n
φ1,4 1 ζ2 − 1 −ζ2 12k1,0 − 12k1,1 n
φ1,8 1 −ζ2 ζ2 − 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,2 n
φ1,6 −1 1 1 12k2,0 − 12k2,1 n
φ1,10 −1 ζ2 − 1 −ζ2 0 n
φ1,14 −1 −ζ2 ζ2 − 1 12k2,0 − 12k2,2 n
φ′′2,5 0 −1 −1 6k1,0 − 6k1,1 + 6k2,0 − 6k2,2 y
φ′′2,3 0 −ζ2 + 1 ζ2 6k1,0 − 6k1,1 + 12k2,0 − 6k2,1 − 6k2,2 y
φ′2,3 0 ζ2 −ζ2 + 1 6k1,0 − 6k1,1 + 6k2,0 − 6k2,1 y
φ2,7 0 −1 −1 6k1,0 − 6k1,1 + 6k2,0 − 6k2,2 y
φ2,1 0 ζ2 −ζ2 + 1 6k1,0 − 6k1,1 + 6k2,0 − 6k2,1 y
φ′2,5 0 −ζ2 + 1 ζ2 6k1,0 − 6k1,1 + 12k2,0 − 6k2,1 − 6k2,2 y
φ3,2 1 0 0 8k1,0 − 8k1,1 + 8k2,0 − 4k2,1 − 4k2,2 n
φ3,4 −1 0 0 4k1,0 − 4k1,1 + 8k2,0 − 4k2,1 − 4k2,2 n
Table 8. Character data for G6.
From this table we see that the only non-singleton generic Euler families are
{φ′′2,5, φ2,7}, {φ′′2,3, φ′2,5}, {φ′2,3, φ2,1}
and that all these characters are supersingular. Hence, these generic Euler families
are good and thus already Calogero–Moser k-families for all k /∈ Φ−1EuEx(G6) by
2.38. This shows that
Euk = CMk for all k /∈ Φ−1EuEx(Γ) .
From table 8 we can also compute that Φ−1EuEx(G6) is the union of the following
22 hyperplanes, which form five orbits under the Young subgroup Σ := Σ{{1,2},{3,4,5}}
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of S5:
Label Orbit Length
1a Σ.(0, 0, 0, 1,−1) 3
1b Σ.(1,−1, 0, 0, 0) 1
2 Σ.(1,−1, 0,−1, 1) 6
Label Orbit Length
3 Σ.(1,−1,−2, 1, 1) 6
4 Σ.(2,−2,−2, 1, 1) 6
Table 9. Φ−1EuEx(G6).
The operation ] is described by the action of the cycle (4, 5) ∈ Σ so that all orbits
and thus Φ−1EuEx(G6) are stable under ]. A comparison with the data in [Chl]
shows that the 16 hyperplanes in orbits 1a, 1b, 2, and 3 are precisely the essential
hyperplanes of G6. Furthermore, the generic Rouquier families coincide with the
generic Calogero–Moser families. This proves 3.3 for G6. 
§3E. G8
3.11. The group G8 is of order 96 and can be realized as the matrix group over Q(ζ),
ζ := ζ4, generated by the reflections
s :=
(
1 0
0 ζ
)
, t :=
1
2
(
ζ + 1 ζ − 1
ζ − 1 ζ + 1
)
.
There are three conjugacy classes of reflections: the ones of s and s2 (both of order 4
and length 6), and the one of s3 (of order 2 and length 6). Hence, there is just one
orbit of reflection hyperplanes, namely the orbit Ω1 of the reflection hyperplane of s.
The parameters for the restricted rational Cherednik algebra are therefore (k1,j)0≤j≤3
and we can now compute that
ck(s) = (−ζ − 1)k1,0 + (−ζ + 1)k1,1 + (ζ + 1)k1,2 + (ζ − 1)k1,3 ,
ck(s2) = −2k1,0 + 2k1,1 − 2k1,2 + 2k1,3 ,
ck(s3) = (ζ − 1)k1,0 + (ζ + 1)k1,1 + (−ζ + 1)k1,2 + (−ζ − 1)k1,3 .
The group G8 has 16 irreducible characters and from the character table of G8 we
can compute the table 10.
λ λ(s) λ(s2) λ(s3) ωλ(eˇuk) ss
φ1,0 1 1 1 24k1,0 − 24k1,1 n
φ1,6 ζ −1 −ζ 0 n
φ1,12 −1 1 −1 24k1,0 − 24k1,3 n
φ1,18 −ζ −1 ζ 24k1,0 − 24k1,2 n
φ2,1 ζ + 1 0 −ζ + 1 12k1,0 − 12k1,1 n
φ2,4 0 2 0 24k1,0 − 12k1,1 − 12k1,3 n
φ′2,7 −ζ + 1 0 ζ + 1 24k1,0 − 12k1,1 − 12k1,2 n
φ′′2,7 ζ − 1 0 −ζ − 1 12k1,0 − 12k1,3 n
φ2,10 0 −2 0 12k1,0 − 12k1,2 n
φ2,13 −ζ − 1 0 ζ − 1 24k1,0 − 12k1,2 − 12k1,3 n
φ3,8 −1 −1 −1 16k1,0 − 8k1,2 − 8k1,3 n
φ3,6 −ζ 1 ζ 24k1,0 − 8k1,1 − 8k1,2 − 8k1,3 n
φ3,4 1 −1 1 16k1,0 − 8k1,1 − 8k1,2 n
φ3,2 ζ 1 −ζ 16k1,0 − 8k1,1 − 8k1,3 n
φ4,5 0 0 0 18k1,0 − 6k1,1 − 6k1,2 − 6k1,3 y
φ4,3 0 0 0 18k1,0 − 6k1,1 − 6k1,2 − 6k1,3 y
Table 10. Character data for G8.
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In this table we see that there is only one non-singleton generic Euler family, namely
{φ4,3, φ4,5}, and that this family is good. Hence, it is already a Calogero–Moser
k-family for all k /∈ Φ−1EuEx(G8) and therefore
Euk = CMk for all k /∈ Φ−1EuEx(G8) .
From table 10 we can also compute that Φ−1EuEx(G8) is the union of the follow-
ing 37 hyperplanes, which form five orbits under the group S4:
Label Orbit Length
1 S4.(0, 0, 1,−1) 6
2 S4.(0, 1,−2, 1) 12
3 S4.(1,−3, 1, 1) 4
Label Orbit Length
4 S4.(1,−2,−2, 3) 12
5 S4.(1,−1,−1, 1) 3
Table 11. Φ−1EuEx(G8).
The operation ] is described by the action of the cycle (2, 3) ∈ S4 so that all orbits
and thus Φ−1EuEx(G8) are stable under ]. A comparison with the data in [Chl]
shows that the essential hyperplanes for G8 are precisely the 24 hyperplanes in the
orbits 1, 2, 3, and in the suborbit Σ{{1,3},{2,4}}.(1,−1,−1, 1) of the orbit 5. Hence,
RouEx(G8) ⊆ Φ−1EuEx(G8). Furthermore, the generic Rouquier families coincide
with the generic Calogero–Moser families. This proves 3.3 for G8. 
§3F. G10
3.12. The group G10 is of order 288 and can be realized as the matrix group over
Q(ζ), ζ := ζ12, generated by the reflections
s :=
(
1 0
0 ζ4
)
, t :=
1
3
(
ζ3 − ζ2 + ζ + 2 12(ζ3 + 2ζ2 − 2ζ − 1)
ζ3 + 2ζ2 − 2ζ − 1 2ζ3 + ζ2 − ζ + 1
)
There are five conjugacy classes of reflections: the ones of s and s2 (both of order 3
and length 8), the ones of t and t3 (both of order 4 and length 6), and the one of t2 (of
order 2 and length 6). Hence, there are two orbits of reflection hyperplanes, namely
the orbit Ω1 of the reflection hyperplane of s and the orbit Ω2 of the reflection
hyperplane of t. The parameters for the restricted rational Cherednik algebra are
therefore k := (k1,0, k1,1, k1,2, k2,0, k2,1, k2,2, k2,3) and we can now compute that
ck(s) = (−ζ2 − 1)k1,0 + (−ζ2 + 2)k1,1 + (2ζ2 − 1)k1,2
ck(s2) = (ζ2 − 2)k1,0 + (ζ2 + 1)k1,1 + (−2ζ2 + 1)k1,2
ck(t) = (−ζ3 − 1)k2,0 + (−ζ3 + 1)k2,1 + (ζ3 + 1)k2,2 + (ζ3 − 1)k2,3
ck(t2) = −2k2,0 + 2k2,1 − 2k2,2 + 2k2,3
ck(t3) = (ζ3 − 1)k2,0 + (ζ3 + 1)k2,1 + (−ζ3 + 1)k2,2 + (−ζ3 − 1)k2,3 .
The group G10 has 48 irreducible characters and from the character table we can
compute the table 12 on page 24. From this table we can deduce that the only
non-singleton generic Euler families are
{φ′′3,8, φ3,16, φ′3,12}, {φ3,14, φ′3,10, φ′′3,6}, {φ′3,8, φ3,4, φ′′3,12}, {φ3,2, φ′′3,10, φ′3,6},
{φ4,9, φ4,3}, {φ4,11, φ4,5}, {φ4,7, φ4,13} .
A close look at the supersingularity column in table 12 now shows that all these
families are good and therefore already Calogero–Moser k-families for all k /∈
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λ λ(s) λ(s2) λ(t) λ(t2) λ(t3) ωλ(eˇuk) ss
φ1,0 1 1 1 1 1 24k1,0 − 24k1,1 + 24k2,0 − 24k2,1 n
φ1,6 1 1 ζ3 −1 −ζ3 24k1,0 − 24k1,1 n
φ1,12 1 1 −1 1 −1 24k1,0 − 24k1,1 + 24k2,0 − 24k2,3 n
φ1,18 1 1 −ζ3 −1 ζ3 24k1,0 − 24k1,1 + 24k2,0 − 24k2,2 n
φ1,8 ζ
2 − 1 −ζ2 1 1 1 24k2,0 − 24k2,1 n
φ1,14 ζ
2 − 1 −ζ2 ζ3 −1 −ζ3 0 n
φ1,20 ζ
2 − 1 −ζ2 −1 1 −1 24k2,0 − 24k2,3 n
φ1,26 ζ
2 − 1 −ζ2 −ζ3 −1 ζ3 24k2,0 − 24k2,2 n
φ1,16 −ζ2 ζ2 − 1 1 1 1 24k1,0 − 24k1,2 + 24k2,0 − 24k2,1 n
φ1,22 −ζ2 ζ2 − 1 ζ3 −1 −ζ3 24k1,0 − 24k1,2 n
φ1,28 −ζ2 ζ2 − 1 −1 1 −1 24k1,0 − 24k1,2 + 24k2,0 − 24k2,3 n
φ1,34 −ζ2 ζ2 − 1 −ζ3 −1 ζ3 24k1,0 − 24k1,2 + 24k2,0 − 24k2,2 n
φ2,9 −1 −1 ζ3 + 1 0 −ζ3 + 1 12k1,0 − 12k1,2 + 12k2,0 − 12k2,1 n
φ2,12 −1 −1 0 2 0 12k1,0 − 12k1,2 + 24k2,0 − 12k2,1 − 12k2,3 n
φ′2,15 −1 −1 −ζ3 + 1 0 ζ3 + 1 12k1,0 − 12k1,2 + 24k2,0 − 12k2,1 − 12k2,2 n
φ′′2,15 −1 −1 ζ3 − 1 0 −ζ3 − 1 12k1,0 − 12k1,2 + 12k2,0 − 12k2,3 n
φ2,18 −1 −1 0 −2 0 12k1,0 − 12k1,2 + 12k2,0 − 12k2,2 n
φ2,21 −1 −1 −ζ3 − 1 0 ζ3 − 1 12k1,0 − 12k1,2 + 24k2,0 − 12k2,2 − 12k2,3 n
φ2,5 −ζ2 + 1 ζ2 ζ3 + 1 0 −ζ3 + 1 24k1,0 − 12k1,1 − 12k1,2 + 12k2,0 − 12k2,1 n
φ2,8 −ζ2 + 1 ζ2 0 2 0 24k1,0 − 12k1,1 − 12k1,2 + 24k2,0 − 12k2,1 − 12k2,3 n
φ′2,11 −ζ2 + 1 ζ2 −ζ3 + 1 0 ζ3 + 1 24k1,0 − 12k1,1 − 12k1,2 + 24k2,0 − 12k2,1 − 12k2,2 n
φ′′2,11 −ζ2 + 1 ζ2 ζ3 − 1 0 −ζ3 − 1 24k1,0 − 12k1,1 − 12k1,2 + 12k2,0 − 12k2,3 n
φ2,14 −ζ2 + 1 ζ2 0 −2 0 24k1,0 − 12k1,1 − 12k1,2 + 12k2,0 − 12k2,2 n
φ2,17 −ζ2 + 1 ζ2 −ζ3 − 1 0 ζ3 − 1 24k1,0 − 12k1,1 − 12k1,2 + 24k2,0 − 12k2,2 − 12k2,3 n
φ2,1 ζ
2 −ζ2 + 1 ζ3 + 1 0 −ζ3 + 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,1 n
φ2,4 ζ
2 −ζ2 + 1 0 2 0 12k1,0 − 12k1,1 + 24k2,0 − 12k2,1 − 12k2,3 n
φ′2,7 ζ2 −ζ2 + 1 −ζ3 + 1 0 ζ3 + 1 12k1,0 − 12k1,1 + 24k2,0 − 12k2,1 − 12k2,2 n
φ′′2,7 ζ2 −ζ2 + 1 ζ3 − 1 0 −ζ3 − 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,3 n
φ2,10 ζ
2 −ζ2 + 1 0 −2 0 12k1,0 − 12k1,1 + 12k2,0 − 12k2,2 n
φ2,13 ζ
2 −ζ2 + 1 −ζ3 − 1 0 ζ3 − 1 12k1,0 − 12k1,1 + 24k2,0 − 12k2,2 − 12k2,3 n
φ′′3,8 0 0 −1 −1 −1 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,2 − 8k2,3 y
φ3,14 0 0 −ζ3 1 ζ3 16k1,0 − 8k1,1 − 8k1,2 + 24k2,0 − 8k2,1 − 8k2,2 − 8k2,3 y
φ′3,8 0 0 1 −1 1 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,1 − 8k2,2 y
φ3,2 0 0 ζ3 1 −ζ3 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,1 − 8k2,3 y
φ3,16 0 0 −1 −1 −1 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,2 − 8k2,3 y
φ′3,10 0 0 −ζ3 1 ζ3 16k1,0 − 8k1,1 − 8k1,2 + 24k2,0 − 8k2,1 − 8k2,2 − 8k2,3 y
φ3,4 0 0 1 −1 1 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,1 − 8k2,2 y
φ′′3,10 0 0 ζ
3 1 −ζ3 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,1 − 8k2,3 y
φ′3,12 0 0 −1 −1 −1 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,2 − 8k2,3 y
φ′′3,6 0 0 −ζ3 1 ζ3 16k1,0 − 8k1,1 − 8k1,2 + 24k2,0 − 8k2,1 − 8k2,2 − 8k2,3 y
φ′′3,12 0 0 1 −1 1 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,1 − 8k2,2 y
φ′3,6 0 0 ζ3 1 −ζ3 16k1,0 − 8k1,1 − 8k1,2 + 16k2,0 − 8k2,1 − 8k2,3 y
φ4,9 1 1 0 0 0 18k1,0 − 12k1,1 − 6k1,2 + 18k2,0 − 6k2,1 − 6k2,2 − 6k2,3 n
φ4,11 ζ
2 − 1 −ζ2 0 0 0 12k1,0 − 6k1,1 − 6k1,2 + 18k2,0 − 6k2,1 − 6k2,2 − 6k2,3 n
φ4,7 −ζ2 ζ2 − 1 0 0 0 18k1,0 − 6k1,1 − 12k1,2 + 18k2,0 − 6k2,1 − 6k2,2 − 6k2,3 y
φ4,3 1 1 0 0 0 18k1,0 − 12k1,1 − 6k1,2 + 18k2,0 − 6k2,1 − 6k2,2 − 6k2,3 y
φ4,5 ζ
2 − 1 −ζ2 0 0 0 12k1,0 − 6k1,1 − 6k1,2 + 18k2,0 − 6k2,1 − 6k2,2 − 6k2,3 y
φ4,13 −ζ2 ζ2 − 1 0 0 0 18k1,0 − 6k1,1 − 12k1,2 + 18k2,0 − 6k2,1 − 6k2,2 − 6k2,3 n
Table 12. Character data for G10.
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Φ−1EuEx(G10) by 2.38. Hence,
Euk = CMk for all k /∈ Φ−1EuEx(G10) .
From 12 we can also compute that Φ−1EuEx(G10) is the union of the following 300
hyperplanes, which form 12 orbits under the Young subgroup Σ := Σ{{1,2,3},{4,5,6,7}}
of S7:
Label Orbit Length
1a Σ.(0, 0, 0, 0, 0, 1,−1) 6
1b Σ.(0, 1,−1, 0, 0, 0, 0) 3
2a Σ.(0, 1,−1, 0, 0,−1, 1) 36
2b Σ.(0, 0, 0, 1,−1,−1, 1) 3
3a Σ.(0, 1,−1, 0,−2, 1, 1) 72
3b Σ.(1,−2, 1, 0, 0,−1, 1) 36
Label Orbit Length
4 Σ.(0, 1,−1,−1,−1, 1, 1) 18
5 Σ.(1,−3, 2,−3, 1, 1, 1) 24
6 Σ.(1,−2, 1, 0,−2, 1, 1) 36
7 Σ.(1,−2, 1,−3, 1, 1, 1) 12
8 Σ.(1,−2, 1,−2,−2, 1, 3) 36
9 Σ.(1,−2, 1,−1,−1, 1, 1) 18
Table 13. Φ−1EuEx(G10).
The operation ] is described by the action of the permutation (2, 3)(5, 6) ∈ Σ so that
all orbits and thus Φ−1EuEx(G10) are stable under ]. A comparison with the data in
[Chl] shows that the essential hyperplanes of G10 are precisely the 81 hyperplanes in
the orbits 1a, 1b, 6, 7, the suborbit Σ˜.(0, 1,−1, 0, 0,−1, 1) of orbit 2a, and the suborbit
Σ˜.((0, 1,−1,−1,−1, 1, 1) of orbit 4, where
Σ˜ := 〈(1, 3), (5, 7), (1, 3, 2), (4, 6)(5, 7)〉 ≤ Σ .
This shows that RouEx(G10) ⊆ Φ−1EuEx(G10). Furthermore, the generic Rouquier
families coincide with the generic Calogero–Moser families. This proves 3.3 for G10.
§3G. G23
3.13. The group G23 is of order 120 and is actually the Coxeter group of type H3.
It can be realized as the matrix group over Q(ζ), where ζ := ζ5, generated by the
reflections
s :=
−1 0 0τ 1 0
0 0 1
 , t :=
1 τ 00 −1 0
0 1 1
 , u :=
1 0 00 1 1
0 0 −1
 ,
where τ := −ζ3 − ζ2. Note that (2τ − 1)2 = 5 and so τ ∈ R. There is just one
conjugacy class of reflections, namely the one of s (of order 2 and length 15). Hence,
there is just one orbit Ω1 of reflection hyperplanes and so the parameters for the
restricted rational Cherednik algebra are k := (k1,0, k1,1). We can now compute that
ck(s) = −2k1,0 + 2k1,1 .
The group G23 has 10 irreducible characters and from the character table we can
compute table 14.
λ λ(s) ωλ(eˇuk) ss
φ1,15 −1 0 n
φ1,0 1 30k1,0 − 30k1,1 n
φ5,5 −1 12k1,0 − 12k1,1 n
φ5,2 1 18k1,0 − 18k1,1 n
φ3,6 −1 10k1,0 − 10k1,1 y
λ λ(s) ωλ(eˇuk) ss
φ3,8 −1 10k1,0 − 10k1,1 n
φ3,1 1 20k1,0 − 20k1,1 y
φ3,3 1 20k1,0 − 20k1,1 n
φ4,3 0 15k1,0 − 15k1,1 y
φ4,4 0 15k1,0 − 15k1,1 y
Table 14. Character data for G23.
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From this table we deduce that the the non-singleton generic Euler families are
{φ3,6, φ3,8}, {φ3,1, φ3,3}, {φ4,3, φ4,4}
and that all these families are good so that they are already Calogero–Moser k-
families for all k /∈ Φ−1EuEx(G23). Hence,
Euk = CMk for all k /∈ Φ−1EuEx(G23) .
From table 14 we can also compute that Φ−1EuEx(G23) just consists of the single
hyperplane defined by
k1,0 − k1,1 .
This hyperplane is clearly stable under the operation ]. A comparison with the data
in [Chl] shows that this is also precisely the essential hyperplane for G23 and that
the generic Rouquier families coincide with the the generic Calogero–Moser families.
This proves 3.3 for G23.
§3H. G24
3.14. The group G24 is of order 336 and can be realized as the matrix group over
Q(ζ), where ζ := ζ7, generated by the reflections
s :=
−1 1 τ0 1 0
0 0 1
 , t :=
1 0 01 −1 1
0 0 1
 , u :=
 1 0 00 1 0
−τ − 1 1 −1
 ,
where τ := ζ4 + ζ2 + ζ. We note that we have not given the same realization as in
[Chevie] as this one contains a lot of denominators and is thus not nice to write
down. This different choice causes no troubles however as all irreducible characters
of G24 are already uniquely determined by their (d, b)-pair.
There is just one conjugacy class of reflections, namely the one of s (of order
2 and length 21) and so there is just one orbit Ω1 of reflection hyperplanes. The
parameters for the restricted rational Cherednik algebra are therefore k := (k1,0, k1,1)
and we can now compute that
ck(s) = −2k1,0 + 2k1,1 .
The group G26 has 12 irreducible characters and from the character table we can
compute the table 15.
λ λ(s) ωλ(eˇuk) ss
φ1,0 1 42k1,0 − 42k1,1 n
φ1,21 −1 0 n
φ3,10 −1 14k1,0 − 14k1,1 y
φ3,3 1 28k1,0 − 28k1,1 y
φ3,1 1 28k1,0 − 28k1,1 y
φ3,8 −1 14k1,0 − 14k1,1 y
λ λ(s) ωλ(eˇuk) ss
φ6,2 2 28k1,0 − 28k1,1 y
φ6,9 −2 14k1,0 − 14k1,1 y
φ7,3 1 24k1,0 − 24k1,1 n
φ7,6 −1 18k1,0 − 18k1,1 n
φ8,5 0 21k1,0 − 21k1,1 y
φ8,4 0 21k1,0 − 21k1,1 y
Table 15. Character data for G24.
From this table we see that the non-singleton generic Euler families are
{φ3,8, φ3,10, φ6,9}, {φ3,1, φ3,3, φ6,2}, {φ8,4, φ8,5}
and that all these families are good. Hence,
Euk = CMk for all k /∈ Φ−1EuEx(G24) .
27
From table 15 we can also easily compute that Φ−1EuEx(G24) just consists of the
single hyperplane defined by
k1,0 − k1,1 .
This hyperplane is clearly stable under the operation ]. A comparison with the data
in [Chl] shows that this is also the unique essential hyperplane for G24 and that the
generic Rouquier families coincide with the just determined generic Calogero–Moser
families. This proves 3.3 for G24. 
§3I. G26
3.15. The group G26 is of order 1296 and can be realized as the matrix group over
Q(ζ), where ζ := ζ3, generated by the reflections
s :=
1 0 00 0 1
0 1 0
 , t :=
1 0 00 1 0
0 0 ζ
 , u := 1
3
ζ + 2 ζ − 1 ζ − 1ζ − 1 ζ + 2 ζ − 1
ζ − 1 ζ − 1 ζ + 2
 .
There are three conjugacy classes of reflections: the one of s (of order 2 and length
9), and the ones of t and t2 (both of order 3 and length 12). Hence, there are two
orbits of reflection hyperplanes, namely the orbit Ω1 of the reflection hyperplane of
s and the orbit Ω2 of the reflection hyperplane of t. The parameters for the restricted
rational Cherednik algebra are therefore k := (k1,0, k1,1, k2,0, k2,1, k2,2) and we can now
compute that
ck(s) = 2k1,0 + 2k1,1 ,
ck(t) = (−ζ − 2)k2,0 + (−ζ + 1)k2,1 + (2ζ + 1)k2,2 ,
ck(t2) = (ζ − 1)k2,0 + (ζ + 2)k2,1 + (−2ζ − 1)k2,2 .
The group G26 has 48 irreducible characters and from the character table we can
compute the table 16 on page 28. From this table we deduce that the non-singleton
generic Euler families are
{φ′8,6, φ8,3}, {φ′′8,9, φ8,12}, {φ′′8,6, φ′8,9}, {φ9,8, φ9,10}, {φ9,5, φ9,7}
and that all these families are good. Hence,
Euk = CMk for all k /∈ Φ−1EuEx(G26) .
From table 16 we can furthermore compute that Φ−1EuEx(G26) is the union of
the 169 hyperplanes listed in table 17 on page 29, which form 22 orbits under the
Young subgroup Σ := Σ{{1,2},{3,4,5}} of S5.
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λ λ(s) λ(t) λ(t2) ωλ(eˇuk) ss
φ1,0 1 1 1 18k1,0 − 18k1,1 + 36k2,0 − 36k2,1 n
φ1,9 −1 1 1 36k2,0 − 36k2,1 n
φ1,33 −1 −ζ − 1 ζ 36k2,0 − 36k2,2 n
φ1,21 −1 ζ −ζ − 1 0 n
φ1,24 1 −ζ − 1 ζ 18k1,0 − 18k1,1 + 36k2,0 − 36k2,2 n
φ1,12 1 ζ −ζ − 1 18k1,0 − 18k1,1 n
φ2,24 −2 −1 −1 18k2,0 − 18k2,2 n
φ2,15 2 −1 −1 18k1,0 − 18k1,1 + 18k2,0 − 18k2,2 n
φ2,12 −2 ζ + 1 −ζ 18k2,0 − 18k2,1 n
φ2,3 2 ζ + 1 −ζ 18k1,0 − 18k1,1 + 18k2,0 − 18k2,1 n
φ2,18 −2 −ζ ζ + 1 36k2,0 − 18k2,1 − 18k2,2 n
φ2,9 2 −ζ ζ + 1 18k1,0 − 18k1,1 + 36k2,0 − 18k2,1 − 18k2,2 n
φ3,6 3 0 0 18k1,0 − 18k1,1 + 24k2,0 − 12k2,1 − 12k2,2 n
φ3,15 −3 0 0 24k2,0 − 12k2,1 − 12k2,2 n
φ′′3,8 −1 2ζ + 1 −2ζ − 1 6k1,0 − 6k1,1 + 12k2,0 − 12k2,1 n
φ′′3,5 1 2ζ + 1 −2ζ − 1 12k1,0 − 12k1,1 + 12k2,0 − 12k2,1 n
φ′3,8 −1 −ζ + 1 ζ + 2 6k1,0 − 6k1,1 + 36k2,0 − 24k2,1 − 12k2,2 n
φ′3,5 1 −ζ + 1 ζ + 2 12k1,0 − 12k1,1 + 36k2,0 − 24k2,1 − 12k2,2 n
φ3,20 −1 −ζ − 2 ζ − 1 6k1,0 − 6k1,1 + 24k2,0 − 24k2,2 n
φ3,17 1 −ζ − 2 ζ − 1 12k1,0 − 12k1,1 + 24k2,0 − 24k2,2 n
φ′′3,16 −1 −2ζ − 1 2ζ + 1 6k1,0 − 6k1,1 + 36k2,0 − 12k2,1 − 24k2,2 n
φ′′3,13 1 −2ζ − 1 2ζ + 1 12k1,0 − 12k1,1 + 36k2,0 − 12k2,1 − 24k2,2 n
φ3,4 −1 ζ + 2 −ζ + 1 6k1,0 − 6k1,1 + 24k2,0 − 24k2,1 n
φ3,1 1 ζ + 2 −ζ + 1 12k1,0 − 12k1,1 + 24k2,0 − 24k2,1 n
φ′3,16 −1 ζ − 1 −ζ − 2 6k1,0 − 6k1,1 + 12k2,0 − 12k2,2 n
φ′3,13 1 ζ − 1 −ζ − 2 12k1,0 − 12k1,1 + 12k2,0 − 12k2,2 n
φ′′6,8 2 −2ζ − 1 2ζ + 1 12k1,0 − 12k1,1 + 30k2,0 − 12k2,1 − 18k2,2 n
φ′′6,11 −2 −2ζ − 1 2ζ + 1 6k1,0 − 6k1,1 + 30k2,0 − 12k2,1 − 18k2,2 n
φ′6,8 2 ζ − 1 −ζ − 2 12k1,0 − 12k1,1 + 18k2,0 − 6k2,1 − 12k2,2 n
φ′6,11 −2 ζ − 1 −ζ − 2 6k1,0 − 6k1,1 + 18k2,0 − 6k2,1 − 12k2,2 n
φ6,2 2 ζ + 2 −ζ + 1 12k1,0 − 12k1,1 + 24k2,0 − 18k2,1 − 6k2,2 n
φ6,5 −2 ζ + 2 −ζ + 1 6k1,0 − 6k1,1 + 24k2,0 − 18k2,1 − 6k2,2 n
φ′′6,4 2 2ζ + 1 −2ζ − 1 12k1,0 − 12k1,1 + 18k2,0 − 12k2,1 − 6k2,2 n
φ′′6,7 −2 2ζ + 1 −2ζ − 1 6k1,0 − 6k1,1 + 18k2,0 − 12k2,1 − 6k2,2 n
φ6,10 2 −ζ − 2 ζ − 1 12k1,0 − 12k1,1 + 24k2,0 − 6k2,1 − 18k2,2 n
φ6,13 −2 −ζ − 2 ζ − 1 6k1,0 − 6k1,1 + 24k2,0 − 6k2,1 − 18k2,2 n
φ′6,4 2 −ζ + 1 ζ + 2 12k1,0 − 12k1,1 + 30k2,0 − 18k2,1 − 12k2,2 n
φ′6,7 −2 −ζ + 1 ζ + 2 6k1,0 − 6k1,1 + 30k2,0 − 18k2,1 − 12k2,2 n
φ′8,6 0 2 2 9k1,0 − 9k1,1 + 27k2,0 − 18k2,1 − 9k2,2 y
φ8,3 0 2 2 9k1,0 − 9k1,1 + 27k2,0 − 18k2,1 − 9k2,2 y
φ′′8,9 0 −2ζ − 2 2ζ 9k1,0 − 9k1,1 + 27k2,0 − 9k2,1 − 18k2,2 y
φ8,12 0 −2ζ − 2 2ζ 9k1,0 − 9k1,1 + 27k2,0 − 9k2,1 − 18k2,2 y
φ′′8,6 0 2ζ −2ζ − 2 9k1,0 − 9k1,1 + 18k2,0 − 9k2,1 − 9k2,2 y
φ′8,9 0 2ζ −2ζ − 2 9k1,0 − 9k1,1 + 18k2,0 − 9k2,1 − 9k2,2 y
φ9,8 −3 0 0 6k1,0 − 6k1,1 + 24k2,0 − 12k2,1 − 12k2,2 y
φ9,5 3 0 0 12k1,0 − 12k1,1 + 24k2,0 − 12k2,1 − 12k2,2 y
φ9,10 −3 0 0 6k1,0 − 6k1,1 + 24k2,0 − 12k2,1 − 12k2,2 y
φ9,7 3 0 0 12k1,0 − 12k1,1 + 24k2,0 − 12k2,1 − 12k2,2 y
Table 16. Character data for G26.
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Label Orbit Length
1a Σ.(0, 0, 0, 1,−1) 3
1b Σ.(1,−1, 0, 0, 0) 1
2 Σ.(0, 0, 1,−3, 2) 6
3 Σ.(0, 0, 1,−2, 1) 3
4 Σ.(1,−1, 0,−4, 4) 6
5 Σ.(1,−1, 0,−3, 3) 6
6a Σ.(1,−1, 0,−2, 2) 6
6b Σ.(2,−2, 0,−1, 1) 6
7 Σ.(1,−1, 0,−1, 1) 6
8 Σ.(1,−1,−6, 1, 5) 12
9 Σ.(1,−1,−6, 2, 4) 12
Label Orbit Length
10 Σ.(1,−1,−5, 2, 3) 12
11 Σ.(1,−1,−4, 1, 3) 12
12 Σ.(1,−1,−4, 2, 2) 6
13 Σ.(1,−1,−3, 1, 2) 12
14 Σ.(1,−1,−2, 1, 1) 6
15 Σ.(2,−2,−5, 2, 3) 12
16 Σ.(2,−2,−4, 1, 3) 12
17 Σ.(2,−2,−3, 1, 2) 12
18 Σ.(2,−2,−2, 1, 1) 6
19 Σ.(3,−3,−4, 2, 2) 6
20 Σ.(3,−3,−2, 1, 1) 6
Table 17. Φ−1EuEx(G26). Here, Σ := Σ{{1,2},{3,4,5}}.
The operation ] is described by the action of the cycle (4, 5) ∈ Σ so that all orbits
and thus Φ−1(EuEx(G26) are stable under ]. A comparison with the data in [Chl]
shows that the 31 hyperplanes in the orbits 1a, 1b, 3, 7, 13, and 14, are precisely the
essential hyperplanes of G26 and that the generic Rouquier families coincide with
the generic Calogero–Moser families. This proves 3.3 for G26. 
§4. Conclusions
4.1. For all the exceptional groups
W ∈ {G4, G5, G6, G8, G10, G23 = H3, G24, G25, G26}
considered in §3 we have proven that
Euk = CMk for all k /∈ Φ−1EuEx(W) .
As we covered quite a variety of groups, this might—if we are very optimistic—
suggest that this equality always holds. This is (un)fortunately not true however as
we will see for the symmetric group W := S6.1 To be able to write down the critical
characters also in terms of partitions (and not only in the form φd,b) we have to
choose one of the two reflection representations of W corresponding to the partitions
(5, 1) and (2, 2, 2) of 6, which are interchanged by the outer automorphism of S6. We
choose the first one and now consider the reflection group Γ defined in this way.
The reflections in Γ are then precisely the transpositions in W. These form a single
conjugacy class of order 2 and so there is just one orbit Ω1 of reflection hyperplanes.
Therefore the variables for the Cherednik algebra of Γ are k := (k1,0, k1,1) and we can
now compute that
ck(s) = −2k1,0 + 2k1,1 ,
where s is any reflection in Γ. The group W has 11 irreducible characters and from
the character table of W we can easily compute table 18.
1I would like to thank Maria Chlouveraki for pointing me towards this example.
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λ λ(s) ωλ(eˇuk)
φ1,1 = (6) 1 30k1,0 − 30k1,1
φ1,15 = (1, 1, 1, 1, 1, 1) −1 0
φ5,3 = (3, 3) 1 18k1,0 − 18k1,1
φ5,1 = (5, 1) 3 24k1,0 − 24k1,1
φ5,6 = (2, 2, 2) −1 12k1,0 − 12k1,1
φ5,10 = (2, 1, 1, 1, 1) −3 6k1,0 − 6k1,1
λ λ(s) ωλ(eˇuk)
φ9,2 = (4, 2) 3 20k1,0 − 20k1,1
φ9,7 = (2, 2, 1, 1) −3 10k1,0 − 10k1,1
φ10,3 = (4, 1, 1) 2 18k1,0 − 18k1,1
φ10,6 = (3, 1, 1, 1) −2 12k1,0 − 12k1,1
φ10,4 = (3, 2, 1) 0 15k1,0 − 15k1,1
Table 18. Data for S6.
From this table we see that there are two non-singleton generic Euler families,
namely {φ5,3, φ10,3} and {φ5,6, φ10,6}. However, it follows from [GM09] that the
generic Calogero–Moser families for S6 are singletons and so CMk is strictly finer
than Euk for generic parameters k.
We note that the smallest example in the series G(m, 1, n) where this occurs is
actually the group G(2, 1, 4) = B4, which is of order 384.
4.2 Question. Our discussion leads to the following questions:
(a) What is the actual relationship between generic Calogero–Moser families,
generic Rouquier families and generic Euler families?
(b) What is the abstract explanation for the failure of Martino’s generic parameter
conjecture for the group G25? What is so special about this group?
(c) What is the relationship between EuEx(Γ) and CMEx(Γ). Is CMEx(Γ) con-
tained in EuEx(Γ)?
(d) What is the relationship between (Φ−1CMGen(Γ))] and RouGen(Γ)? Are
they equal?
(e) All results so far about Martino’s conjecture (including those for the infinite
series) are obtained by determining the Calogero–Moser families and then
comparing them with the Rouquier families. Is there a structural explanation
for the positive results on Martino’s conjecture?
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